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Introduction 

In this paper we study supersymmetric harmonic maps from the point of view 
of integrable system. It is well known that harmonic maps from into a sym- 
metric space are solutions of a integrable system (see [HI El El El We 
show here that the superharmonic maps from R^'^ into a symmetric space are 
solutions of a integrable system, more precisely of a first elliptic integrable sys- 
tem in the sense of C.L. Terng (see that we have a Weierstrass-type 
representation in terms of holomorphic potentials (as well as of meromorphic 
potentials). In the end of the paper we show that superprimitive maps from R^'^ 
into a 4-symmetric space give us, by restriction to M^, solutions of the second 
elliptic system associated to the previous 4-symmetric space. This leads us to 
conjecture that any second elliptic system associated to a 4-symmetric space 
has a geometrical interpretation in terms of surfaces with values in a symmetric 
spaces, (such that a certain associated map is harmonic) as this is the case for 
Hamiltonian stationary Lagrangian surfaces in Hermitian symmetric spaces (see 
|17I) or for p -harmonic surfaces of O (see jlfjjl. 

Our paper is organized as follows. In the first section, we define superfields 
$: R^l^ M from R^'^ to a Riemannian manifold, and component fields. Then 
we recall the functor of points approach to supermanifolds, we define the writing 
of a superfield and study its behaviour when we embedd the manifold M in a 
Euclidiean space . Lastly, we recall the derivation on M^'^. In section [2 we 
introduce the supersymmetric Lagrangian on R^'^, define the supersymmetric 
maps and derive the Euler-Lagrange equations in terms of the component fields. 
Next, we study the case M = 5" : we write the Euler-Lagrange equations in this 
case and we derive from them the superharmonic maps equation in this case. 
Then we introduce the superspace formulation of the Lagrangian and derive the 
superharmonic maps equation for the general case of a Riemannian manifold 
M. In section we introduce the lift of a superfield with values in a sym- 
metric space, then we express the superharmonic maps equation in terms of the 
Maurer-Cartan form of the lift. Once more, in order to make the comprehension 
easier, we first treat the case M = S", before the general case. In sectional 
we study the zero curvature equation (i.e. the Maurer-Cartan equation) for a 
1-form on R^'^ with values in a Lie algebra. This allows to formulate the su- 
perharmonic maps equation as the zero curvature equation for a 1-form on R^'^ 
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with values in a loop space Afli-. Then we precise the extended Maurer-Cartan 
form, and characterize the superharmonic maps in terms of extended lifts. The 
section El deals with the Weierstrass representation: we define holomorphic func- 
tions and 1-forms in R^l^, and then we define holomorphic potentials. We show 
that we have a Weierstrass-type representation of the superharmonic maps in 
terms of holomorphic potentials. Lastly, we deal with meromorphic potentials. 
In section El we precise the Weierstrass representation in terms of the compo- 
nent fields. In section [3 we study the superprimitive maps with values in a 
4-symmetric spaces, and we precise their Weierstrass representation. This al- 
lows us in the last section to show that the restrictions to of superprimitive 
maps are solutions of a second elliptic integrable system in the even part of a 
super Lie algebra. 

1 Definitions and Notations 

We consider the superspace R^'^ with coordinates {x,y, 91,62); {x,y) are the 
even coordinates and {01,62) the odd coordinates. Let M be a Riemannian 
manifold. We will be interested in maps <&: M^'^ — > M (which are even) i.e. 
morphisms of sheaves of super M-algebras from R^la M (see P □EDI EH)- 
We call these maps superfields. We write such a superfield: 

^ = u + 6rilJi + 92^j2 + 6i62F' (1) 

u,'4'ij^2, F' are the component fields (see [7 J. We view these as maps from 
into a supermanifold: u is a map from to M, ipi,ip2 are odd sections of 
u*{TM) and F' is a even section of u*(TM). So u,F' are even whereas il'i,ip2 
are odd. The supermanifold of superfields $ is isomorphic to the supermanifold 
of component fields {u,ipi,'ip2, F'} (see Besides the component fields can 
be defined as the restriction to of certain derivatives of <&: 

u = r$:R2^A-f 
^|;^ = i*Da^:R^^u*{IlTM) (2) 

F' = i*{-^e''''DaDb^): R^ ^ u*{TM) . 

where R^'^ is the natural inclusion, 11 is the functor which reverses 

the parity, and the left-invariant vector fields Da are defined below. This is 
the definition of the component fields used in j^- We use another definition 
based on the morphism interpretation of superfields, which is equivalent to the 
previous one, given by Moreover as in we use the functor of points 

approach to supermanifolds (see jH]). If i? is a supermanifold, then a B— point 
of R^l^ is a morphism i? ^ R^'^. It can be viewed as a family of points of R^'^ 
parametrized by B, i.e. a section of the projection M^'^ x B ^ B. Then a map 
$ from R2|2 to M is a functor from the categoy of supermanifolds, which to each 
B associates a map $B : M^I^(S) ^ M{B) from the set of B-points of R^l^ to 
the set M{B) of S— points of M. For example, if we take B = R"'^, which is 
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the topogical space MP endowed with the Grassman algebra Bl = IR[?7i, • ■ • , tjl] 
over R^, then a R°l-^— point of R^'^ is in the form (x, y, 01,62) where x,y & i?° , 
the even part of Bl, and 6*1,02 S the odd part oi Bl- Hence the set of 
R°l^-points of M2|2 jg ^212 _ ^.^0^2 ^ (^1 )2_ r^j^^g -j restrict ourself to 
the category of supermanifolds R°l-^, L € N, then a map $: M^'^ ^ M is a 
sequence of G"^ functions defined by Rogers (p4J), such that $l is a G°° 

function from B^^ to the G°° supermanifold over Bl, M(ROI^), and such that 
$L'|^2|2 — ^L, ii L < L' . Hence, in this case, if we suppose M ~ R", we have 

M(R"I^) = = (-B^)" and the writing CJ is the z expansion of $l (see j2l]). 
Further following [H] , we can say equivalently that if we denote by T the infinite 
dimensional supermanifold of morphisms: M^'^ M, then the functor defined 
by $ is a functor B ^ Hom(i3, J-): to each B corresponds a S— point of T, i.e. 
a morphism $5 : R^'^ x B ^ M. It means that the map $ is a functor which 
to each B associates a morphism of algebras : C°°{M) C°°(R^I^ x B). In 
concrete terms, in all the paper, when we say: "Let <f> : R^'^ M be a map", one 
can consider that it means "Let S be a supermanifold and let $5 : R^'^ x B ^ M 
be a morphism" (omitting the additional condition that B t-^ is functorial 
in S). B can be viewed as a "space of parameters", and <i>s as a family of maps: 
K2|2 parametrized by B. We will never mention B though it is tacitly 

assumed to always be there. Moreover, when we speak about morphisms, these 
are even morphisms, i.e. which preserve the parity, that is to say morphisms of 
super R— algebras. Thus as said above, a superfield is even. But we will also be 
led to consider odd maps A: R^'^ — > Af, these are maps which give morphisms 
that reverse the parity. 

Let us now precise the writing Q and give our definition of the component 
fields. 

In the general case (M is not an Euclidiean space R^) the formal writing Q 
does not permit to have directly the morphism of super R— algebras $* as it 
happens in the case M = R^, where the meaning of the writing (QJ is clear: it 
is the writing of the morphism $*. Indeed, if M = R^ we have 

V/ e C°°(R^), 



fe=i 

= /(")+E^-ir^-(^i^i+^2V'2 + eie2j^') 
fe=i 



= fiu)+9,df{u).^l+e2dfiu).^2 

+ 0i92{df{u).F' - dV(u)(V'i, V2)) (3) 

(we have used the fact that Vi, V'2 are odd). Then we define the component 
fields as the the coefficient maps a/ in the decomposition $ = ^'^o/ in the 
morphism writing, and as we will see below the equations ^ follow from this 
definition. 

In the general case, we must use local coordinates in Af, to write the morphism 
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of algebras $* in the same way as ^ (see [Tl I2()[ But the coefficient 

maps which appear in each chart in the equations ^ written in each chart, 
do not transform, through a change of chart, in such a way that they define 
some unique functions u, F' , which would allow us to give a sense to Q 
(in fact the coefficients corresponding to u, ip tranform correctely but not the 
one corresponding to F'). So the writing (QJ does not have any sense if we do 
not precise it. We will do it now. To do this we use the metric of M, more 
precisely its Levi-Civita connection (it was already used in the equation 
taken in |2I as definition of the component fields, where the outer (leftmost) 
derivative in the expression of F' is a covariant derivative) . We will show that 
for any <&: M^'^ M there exist u,il^,F' which satisfy the hypothesis above 
{u, F' even, ip odd and ip, F' are tangent) such that 

V/ e C°°(M), 

$*(/) = f{u) + eidf{u).iJi + e2df{u).i^2 

+ e,62{df{u).F' - (Vd/)(u)(V'i,^2)) (4) 

where Vc?/ is the covariant derivative of df (i.e. the covariant Hessian of /): 
(Vd/)(X,r) = (Vx(V/),y) = (X, Vy(V/)). First, we remark that if Q is 
true, then u, ip, F' are unique. Then we can define the component fields as being 
u,ip,F'\ and 1^ have a sense: it means that the morphism $* is given by Q. 

Now, to prove iQl, let us embedd isometrically M in an Euclidiean space 
R^. Suppose first that M is defined by a implicit equation in R^: f[x) = 0, 
with /: —f R^~" (n = dimM). Then we have an isomorphism between 
{superfields R^l^ ^ M} and {superfields $': R^l^ ^ R^/$'*(/) = 0}, the 
isomorphism is 

$ ^ $' = J o $ = (g e C°°(R^) ^ ^*{9\m) ) (5) 

where j : M R^ is the natural inclusion. In particular, a superfield : R^'^ 
R^ is a superfield $ from R^la ^^^^ ^ if and only if $'*(/) = / o $' = 0. It 
means that if we write ^' — u + 9iipi + 621IJ2 + 61O2F then we have by Q 

= .f{u) + Oidf{u)4^ + 92df{u).^2 + eie2{df{u).F - dV(")(^i,^2)) 

hence f{u) = 0, df{u)4a = 0, df{u).F - d2/(")(V'i, ^2) i.e. 

{u takes values in M 
ipa takes values in u*{TM) (6) 
rf/(u).i^ = d2/(w)(^l,^2) . 

Thus a superfield $' : R^l^ -> is "with values" in M if and only if $' = 
u + 6'iV'i + 021^2 + Oie2F with (w, tp, F) satisfying 

In the general case, there exists a family {Ua) of open sets in such that 
M C U„ and C°° functions U: Ua ^ R^"" such that MnU^^ faH^)- 
Then $ 1-^ jo$ is a isomorphism between {$ : R^l^ M} and {$' : R^l^ -> R^/ 
^'*{fa) = 0, Va}. When we write <I>'*(/q) = 0, it means that we consider 
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y„ = $'"^(?7a) (it is the open submanifold of M^'^ associated to u ^{Ua) C M^, 
i.e. u^^(Ua) endowed with the restriction to u~^{Ua) of the structural sheaf 
of M2|2-) and that i<^\yJ*{U) = fa° = 0. (see p|.) Hence a superfield 
: R2|2 is with values in M if and only if $' = u + e'lV'i + 62^)2 + 6'i6'2^' 

with (w, V', -F) satisfying @ for each /„. Now , we write that we have <i>*(.g|A/) = 
*'*(5), V5 e C°°(]R^) : 

^*(5|m) = + Oid9{u).i>i + e2dg{u).ij2 + eiB2{dg{u).F ~ d'^g{u){iji,tp2))- 

Let pr(a;) : T^M be the orthogonal projection on T^M for x G M, and 

pr^(a;) = Id - pr(a;); then set F' = pr(w).F, F-'- = pr-'-(w).F, so that F = 
F' + F^ . Let also (ei, . . . ,eN-n) be a local moving frame of TM^. Then we 
have 

dg{u).F~d^g{u){^,,^2) = {V{g\M){u),F') + (Vg(^.),F^) ~ V<?(«), ^2) 

(where = t(i/'i)d). Now using that ipi,'ip2 are tangent to M at u 

(i?^,V5(u),V2) = (pr(M).(i?V'iV<?(u)),^2) 

= (pr(w). [7^^, (pr().V.g)(ii) + i?V'i (pr^O-V.?) («)] ,^2) 

= Vd(5|M)(u)(V'i,'02) + ^ (V5(u),e,)(de^(M).V'i, ^^2) 

then 

d5(u).F-d25(7.)(V;i,V^2) = %|M)(").i^'- V%|m)(w)(V^i>2) 

+ (pr^(u).V.g(u),F-L - ^ (de,(w).V'i, ^/'2)e^). 

i=l 

But, as $*(5|m) depends only on h = g\M G C°°(Af), we have 

N-n 

= II('^e»(")-^i'^2)ei (7) 

i=l 

and finally we obtain 

V/i e C°°(Af), 

$*(/i) = h{u) + eidh{u).ii)i+e2dh{u).il)2 

+ 9i92{dh{u).F' - {Vdh){u){'iPi,i^2)) (8) 

which is And we have remarked that the coefficient maps {u^tpiF'} are 
unique, so in particular they do not depend on the embedding M ^ M^. So 
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we can define the multiplet of the component fields of $ in the general case: it 
is the multiplet {u,ip,F'} which is defined by It is an intrinsec definition. 
The isomorphism ^ leads to a isomorphim between the component fields 

The only change is in the third component field. We have F' — pi{u).F, and 
the orthogonal component F-^ of F can be expressed in terms of (u, ip) as we 
can see it on 10 or on (EJ. 

In the fohowing when we consider a manifold M with a natural embedding 
M ^ , we win identify $ and and we will talk about the two writings of 
$: its writing in M and its writing in M.^ . But when we refer to the component 
fields it will be always in M: {u,il^,F'}. We will in fact use only the writing in 
K.^ because it is more convenient to do computations, for example computations 
of derivatives or multiplication of two superfields with values in a Lie group, and 
because the meaning of the writing Q in is clear and weh known as well as 
how to use it to do computations. So we will not use the writing in M. Our aim 
was, first, to show that it is possible to generalize the writing (QJ in the general 
case of a Riemannian manifold, then to give a definition of the component fields 
which did not use the derivatives of $ (as in and above all to show how 
to deduce the component fields of $ from its writing in IR^: u,i/j are the same 
and F' = pt{u).F. 

Example 1 M = S'" C M"+^ 

A superfield $: M^l^ R"+^ is a superfield $: M^l^ S*" if and only if 
$*(| . |2 _ 1) ^ ([ . |2 _ 1) o $ = (\-\ being the Euclidiean norm in It 
means that 

1 = - 1 + 201(^-1, u) + 202(^-2, u) + 20i02((^, u) - (^1,1/^2)) 

Thus $: M^l^ M"+i takes values in if and only if 

u takes values in S"" 
ipa is tangent to S" at u 

{F,u) = {llJl,1p2) 

In particular, in the case of 5" we have 

F^ ^ (^1,1^2)U. 

Derivation on M^'^. 

Let us introduce the left-invariant vector fields of M^'^: 



These vectors fields induce odd derivations acting on superfields = L{Da)d^. 
Consider the case of superfields with values in M.^ . Write $ = u + 0itl'i+02'4'2 + 
ei92F a superfield M^ia ^ ^Jv rj,^^^ ^laNe 



where 



Hence 



where 



du 



du 



^1 - e^— + 02 ( F - — ) + 0i02(W)i 



dy 



du 



dy 



du 



dx 



/ 9Vi 9V'2 

dy dx 

dipi dip2 

\ dx dy 







] = {% 








' \d^ 


dyJ 



dx 



d^ 
dy 



DiD2^ 

D2D2^ 



d^ 

dx ' 



dx 



dy 



dipi d'ip2 



dx 



dy 



F - ei{lpiP)i - 6'2(W)2 + 6'i6»2(Au). 



Thus 



(9) 
(10) 



(11) 



D1D2 - D2D1 = -2R , [Di,D2] = D1D2 + D2D1 = -2— 

dy 

[D„D,] = 2Dl = -2l- , [D2,D2]=2-^ 



dx 



dx 



(In all the paper, we denote by [ , ] the superbracket in the considered super Lie 
algebra) . 
Let us set 

1 d d 

D = -,iD.-iD2) = ^^-e- 



where 6 = 9i + 102, -§0 = 5(^7 ^ ^Mj)' Setting tp = ipi — iip2, we can write 
^ = u+\{eii) + 0i)) + mF, thus 



(12) 
(13) 
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Then 



DD = ^{Di - iD2){Di + iD2) - ^{Dl + Dl + i{DiD2-D2Di)) 
= '-{D^D2-D2D^) = ~'-R 



hence 



DD = -DD ^ --R. 

2 



We have also D"^ = D^ = Let us compute DD^: 

DD^ = oiU-e^^ + UF-Uef- 

dz 2 2 dz 

2 2dz 2dz dz\dz 
= if + ,M(<,f)-f(A„). (14) 

Let us denote by i: M'^ — > M^'^ the natural inclusion, then using l(9ll- lfT?Hl and 
Hll|l we have 

u = 1*$ 

and we recover Q for M = M^. 

Let us return to the general case of superfields with values in M. In order to 
write iPJ in M, we need a covariant derivative in the expression of F' to define 
the action of Da on a section of the bundle ^*TM . In order to do this we use 
the pullback of the Levi-Civita connection. Suppose that M is isometrically 
embedded in M^. Let X be a section of ^*TM (for example X = Db^) then 
using the writing in (i.e. considering that a map with values in M takes 
values in R^) we have 

Vd^X ^pr{^).DaX . 

Let us precise the expression pT{^).DaX . The projection pr is a map from M 
into £(R^), the algebra of endomorphisms of R^. We consider pr o $ which we 
write pr($). Then considering the maps pr($) : R^l^ ^ C(R^), DaX: E^la ^ 
R^, andB: {A,v) e £(R^)xM^ ^ A.v, we form B(pr($), D^X) : M2|2 ^ ^ 
Now, since £(R^) is a finite dimensional vector space we can write from 

pr(<i>) — $*(pr) — pr(M) + 6'i(ipr(w).'0i + 6'2(ipr(M).V'2 

+ 0i02(dpr(ii).F' - (Vdpr)(u)(^i,7^2)) 

(we can not use (pj because pr is only defined on M) . This is the writing of the 
superfield pr o $ : R2|2 /:(R^^), 

so we can write 
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thus z*(-ie°''VD„-Dfc<&) = pr(u).F = F' . So we have (EJ in the general case. 
Example 2 M = 5" C M"+^ 

We have pr(x) = Id— (•, a;).T for x G S*". S'o for X a section of ^*TS'^, we have 

Vd^X ^ DaX -{DaX, 



2 Supersymmetric Lagrangian 
2.1 Euler-Lagrange equations 

We consider the following supersymmetric Lagrangian (see jj]): 

L = -l\du\^ + IW^^) + j^e^'e^^{i;a,Ri^b,i^c)^d) + ^l^f (15) 
where (tpp^ip) — {ipi, (-^„V')2) ~ (V'2, (-^u^)i)) R is the curvature of M and 



dy dx 
dtpi dtp2 

\ dx dy 



( is of course a covariant derivative) . This Lagrangian can be obtained by re- 



duction to M^l^ of the supersymmetric cr— model Lagrangian on R"^'^ (see [j]). We 
associate to this Lagrangian the action A{^) — J L{^)dxdy. It is a functional 
on the multiplets of components fields {u,^,F'} of superfields M^'^ M, 
which is supersymmetric. 



Definition 1 A superfield $: M^l^ 
point of the action A 



M is superharmonic if it is a critical 



Theorem 1 If we suppose that Vi? ~ in M (the covariant derivative of the 
curvature vanishes) then the Euler-Lagrange equations associated to the action 
A are: 



1 f)!! fill 

AU = -(i?(V.i,V'l)-i?(^2>2))^+i?(^l,^2)^ 

Riipi,4'2)'4'i 



= 

F' = 



(16) 



Proof. We compute the variation of each term in the Lagrangian, keeping in 
mind that ipi, ip2 are odd (so their coordinates anticommutate ipl'ipi — ~4'2''Pi)- 



• S{-\du\^) = {-Au,Su) + div{{du,Su)) 
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-(^V^2,(^„V')l)-(t^2,<5v(Ml)) 



((5vV'i,(^„V')2)-(<5vV'2,(^»i) 



1 

2 

/ , ^ . , 5 . , 
\ ox ay 

du 



dx 



+ {ipi,R \ Su, R[Su, -— V: 



ay ox 

du 



dy 



du 



dy 



il)2, R [ Su, — ] ipi + R [ 6u,-— 1p2 



du 



dx 



we have used (^v^^ — ^'^vV'fe = R{Su, ■§^)'ipk- Then we write that 



■0a, -^Sytpb 

dxi 



dxi I axi 



and that 



thus we obtain 



R{tpb,1pa) ^'"^^ 



^vV-i, (^„V')2 + - ^ 



i9x dy 



+ (-(V'l, '^V01> + (V'2, Svtjj2)) + ^ (-(V'l, '^VV'2) - (V'2, <5vV'l)) 

du \ 

R (V'l, V'l) ^ + ^ (^-2, ^ + V^2) - ^ (V'2, ^2) ^ j , 



and finally 



1 Vl) - R{^2,^2))^+R{M2)^ 



, 6u 



+ div(- • • ) 
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1 abgcd (V^^^(^^^ + 



12 
1 
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(using the symmetries of i? ) 

= ^(('5V'i,-R(^2,'0i)V'2 - R{i'2,i'2)i'i - R['fp2,^2)i'i + ^(V'i,V'2)V'2 

+ i?(V'2, V'l)V'2 - -^(-02, V'2)'01 - R{'^2, V'2)V'l + R{^1, '^2)1^2) 
+ {5iIj2, -Ri^l,^Pl)^2 + Ri^l,^2)^l + R{^2,i'l)^l - R{A,'^l)^2 
-Rii>l,1pl)^p2 + V'2)V'l + ^(^^2, V'OV'l - -R(V'l, V'l)^2)) 

\( Wi, -4i?(^2, V^2)^i + 4i?(7^i, 7^2)^2) 

= 2((^V'1,-R(V'1,V'2)'02 - i?(V'2, V'2)'0l) 

+ (5V2,i?(V'2>l)V'l - i?(V'l,V'l)V'2)). 

Finally, by using the Bianchi identity we obtain: 

S (^^e'^V^(^a,i?(V'b,^c)^d)) = (5vV'i,i?(V'i, ^2)^-2) + ((5v^2,i?(V'2,V'l)V'l)- 

•'5(i|Ff)=(F',5vF') 

Hence the first variation of the Lagrangian is: 

6C = 

+ ((5vV'l,(M2 +^(^l,V^2)^2) - (<5vV'2,(^»i -i?(V^i,V^2)V'i) 

+ {F', Sx^F') 1 dxdy 

This completes the proof of the theorem. I 



Au--(i?(^l,^l)-fi(^2,V'2))^-i?(^l,^2)^,<5" 



Remark 1 In any symmetric space, Vi? — 0, so that the preceding result 
holds. Moreover in the general case of a Riemannian manifold M the Euler- 
Lagrange equations are obtained by adding to the right hand side of the first 
equation of (jl(ill the term — i(V^ji?)(-0i, ■(/'2)'02- 

2.2 The case M = 5". 

The curvature of S"" is given by 

R{X,Y,Z,T) = {X,T){Y,Z)-{X,Z){T,Y) 
= - 6'''S^^)X,YjZkTi 
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RiVi,V2)V3 = {V2,V3)Vi + {Vi,V3)V2 

R{Vi,V2)Z = -{V2,Z)Vi- {Vi,Z)V2 



where Vi,V2, are odd and Z is even. 

Thus the Euler-Lagrange equations for are : 



Am + Idupu 



F 



du\ 



du\ 



'dx/ '^'^ \'^''^' Ike) '^'^ 

oy / \ oy I 

(-02, V'l)'02 
(■01,l/'2)w 



Let us now rewrite these equations by using the complex variable and setting 
= 01 — itp2- 



dz \dz 

dz 
F 



- / - du 
+ 0(^,^ 



1 



2i 



(17) 



Theorem 2 Let <f>: M^'^ S*" be a superfield, then $ is superharmonic if and 
only if 

Z)£i$ + = (18) 

ri+l 



Proof. According to Ill4|l . we have 



(4)-' 


'4 






oz 





Moreover, by using lfT2|l . ifT^ll 



-\F\'~^,^ 



du du"" 
9z ' dz , 
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But since (V', u) = (V'l'") 



we have {ip, ||) 



-{§,u) and (§» 



1 /9V 



2 

1 /dip 



2 \ 9z' 



dip 
dz 



IF 



9u du 
dz ' 9z 



Hence 



2^ 



^ _ 

dz 
_dtp_ 

dz dz 



di/j 
dz 
dip 

ai 

du du 
dz^ dz 



u)u+ -{ip,ip)ip — -{F,ip)u 



1 - - i - 

-{ip,ip)ip - -{ip,F)u 



:,u ) u 



dz 



dz 



+ 



u+ -{ip,ip)F 



;{F,^)iP--{iP,F)iP 

So we see that if $ satisfies p7ll then this expression vanishes because {F, ip) = 
{F,i)) = and Re ({^^,'(/')) = Re(V',V')^ = -4|F|2 by using 
Conversely, if this expression vanishes then the vanishing of the first term gives 
us the third equation of II17II , thus we have (F, ip) ~ and so the vanishing of 
the therm in 9 gives us the second equation of Ijl7|l . Lastly the first equation 
of ifTzjl is given by the vanishing of the term in 96 and by using the second and 
third equation of ifTzll . This completes the proof. ■ 



Remark 2 The equation (jl8ll is the analogue of the equation for harmonic 
maps u: R2 ^ S"": 

d f du\ / du du^, P 



dz \dz J \dz' dz 
In fact, equation (jl8ll means that 

V^D* = 0. 
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Indeed we have V^I?* = pr($).I?D$ = DD$ - (DD$, but 

= - 



because ($, $) = 1 =^ $) = 0. So 

It is a general result that $: M^''^ ^ A/ (Riemannian without other hypothesis) 
is superharmonic if and only if V^Z?^ — 0. To prove it we need to use the 
superspace formulation for the supersymmetric Lagrangian. This is what we 
are going to do now. 

2.3 The superspace formulation 

We consider the Lagrangian density on R^'^ (see (3): 



4> is a superfield R^'^ M, and (•,•) is the metric on M pulled back to 
a metric on ^*TM. Then, according to the supersymmetric Lagrangian L, 
given in itTfill . is obtained by integrating over the 9 variables the Lagrangian 
density: 



Let us compute the variation of Lq under an arbitrary even variation of the 
superfield $. We will set Vd^ = Dj. Then, following 7], we have 



we have used at the last stage the fact that the density dxdyd9id92 is invariant 
under Da and the Cartan formula for the Lie derivative. So the Euler-Lagrange 
equation in superspace is 






'YD2 - D2^Di)$ = 



or equivalently. 



D'^D'^) = 



(19) 
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3 Lift of a superharmonic map into a symmetric 
space 

3.1 The case M = 5" 

We consider the quotient map tt: SO(n+ 1) 5" defined by 7r(ui, . . . ,w„+i) = 
Vn+i. We will say that T: M^la ^ so(n + 1) is a lift of M^la ^ g-n jf 
TT o J" = $. Let 

T=U + 9i^l+e2'f2+0l92f 

be the writing of T in 9Jt„+i(M) (the algebra of (n + 1) x {n + 1)— matrices) and 
write that ^TT = 1 (it means that ifh:^ Ae 9}T„+i(M) ^ *AA-1 e 9Jl„+i(R), 
then T*{h) = hoT = 0), we get 

*UU = Id 

Ai — U^^'^i is antisymmetric: *Ai = —Ai 

*Uf + ^fU - **i*2 + **2*1 = 

The third equation can be rewritten, setting B = U^^f and using *Aj = —Ai, 

B + 'B + A1A2- A2A1 ^Q. 
Now we consider the Maurer-Cartan form of T: 

a = T^^dT = ^TdT. 

We can write 

= d{'TJ^) = {d + ^TdT = *a + a , 

so a is a 1-form on R^'^ with values in so(ri + 1). 
Take the exterior derivative of dT = Ta, we get 

= d{dT) ^ dT Aa + Tda = T{a Aa + da). 

Hence since T is invertible (*J^JF = 1) 

da + a A a — 0. 

We write so(ri + 1) = go © 0i the Cartan decomposition of so(n + 1). We have 



Qo = so(n) and 0i = ■^ ( ^ !| ) , f G M" [■ . We will write a = ao + ai the 



decomposition of a. 

We want to write the Euler-Lagrange equation Ijl8|l in terms of a. Setting 

X = then ai{D) = ^ ^ and so we have 

DX = D{T-^D^) = {D ^T)TX + T-\T)D<i) 
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i.e. 

T-\DD<^>) = DX + a{D)X. (20) 

Moreover 

T-\{D<^, = (5$, i?$)e„+i = {X, X)e„+i (21) 

the last equality results from the fact that is a map into S0(n+1); (ei)i<i<„+i 
is the canonical basis of ]R"+^. Besides we have 

Mmx - (-<f ) f ) (-) - . 

Hence, combining Ij2()|l . (I21|l and Ij22|l . we obtain that the equation II18|I is written 
in terms of a: 

DX + ao{D)X = 0, 

or equivalently 

Dai{D) + [aoiD),aiiD)]^0 
where [, ] is the supercommutator. Thus, we have the following: 

Theorem 3 Lei $: R^l^ ^ S*" be a superfield with lift J': M^lz ^ S0{n + 1), 
then $ is superharmonic if and only if the Maurer-Cartan form a — T^^dT = 
ao + Oi\ satisfies 

DaiiD) + [aQ{D),ai{D)] =0. 
3.2 The general case 

We suppose that M — G/H is a Riemannian symmetric space with symmetric 
involution t: G G so that D H D (G^)o. Let tt: G ^ M be the 
canonical projection and let g, go be the Lie algebras of G and H respectively. 
Write = 00 © 01 the Cartan decomposition, with the commutator relations 

i+j mod 2 • 

Recall that the tangent bundle TM is canonically isomorphic to the subbundle 
[01] of the trivial bundle M x g, with fiber Adg{gi) over the point x = g.H G 
M. Under this identification the Levi-Civita connection of M is just the fiat 
differentiation in M x followed by the projection on [01] along [00] (which is 
defined in the same way as 0i ) (see |3| and 0). Let 4>: M^la ^ m be a superfield 
with lift K^l^ ^ G so that tt o JT = $. Consider the Maurer-Cartan form of 
T: a — AT . It is the pullback by T of the Maurer-Cartan form of the group 
G. It is a 1-form on E^l^ with values in the Lie algebra 0. We decompose it in 
the form a = ao + ai, following the Cartan decomposition. Then the canonical 
isomorphism of bundle between TM and [01] leads to a isomorphism between 
$*(rAf) and $*[0i] and the image of 13$ by this isomorphism is kAT{a\[D)'). 
Thus the Euler-Lagrange equation Ijl9|l is written 

[^(Ad.F(ai(i?)) =0 
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where [•]$.[£, j] is the projection on [gi] along [go], pulled back by $ to the 
projection on $*[0i] along $*[go]- Using the fact that 

A: {g,r]) eG X Q>-^ Adg{r]) 

satisfies 

dA = Mg{dri + [g^^.dg, 77]) , 
where g^^.dg is the Maurcr-Cartan form of G, this equation becomes 

= [AdT{Dai{D) + [a{D),aiiD)])]^,[,^^ 
= AdJ^[DaiiD) + [a{D),aiiD)]]i 
= AdT {Dai{D) + [ao{D),ai(D)]) . 

So we arrive at the same characterization as in the particular case M = S". 

Theorem 4 A superfield^: M^'^ M with liftT: K^'^ ^ G is superharmonic 
if and only if the Maurer-Cartan form a = T^^ .dT = ao + ai satisfies 

Dai{D) + [aQ{D),ai{D)] = 0. 

4 The zero curvature equation 

Lemma 1 Each 1-form a on M^l^ can he written in the form: 

a = de a{D) + dea{D) + {dz + {de)e) a(^) + {dz + {d6)6) a(^). 

Proof. The dual basis of {D, D,-§^,-§i\ is [dO, dO, dz + {d6)e, dz + {de)6}. ■ 

We consider now that a is a 1-form on M^''^ with values in the Lie algebra g, 
then using the writing given by the lemma, we have 

da + — [a f\a] = 

-d9 A dO I Da{D) + ^[a{D), a{D)] + a(^) I 

-de A dO {Da{D) + ^[a{D), a{D)\ + a(^)| 
-de A de i^Da{D) + Da{D) + [a{D), a{D)] | 

+{dz + {de)e) A {dz + (dm {dM^) - d-Ml) + Hll ^{M } 

+{de)A{dz + {de)e)[Da{f^)~dMD)+[a{D),a{§^)\ } 
+ conjugate expression 

+de A {dz + {de)e) { Da{^) - o-md) + [«(£>), a(i)] } 

+ conjugate expression. 

(23) 

17 



In the following, we will write the terms like ^[a{D),a{D)] in the form a{Dy . 
It is justified by the fact that if we embedd g in a matrices algebra or more 
intrinsically in its universal enveloping algebra, so that we can write [a,b] = 
ab ~ ha, then the supercommutator is given by 

[a,b] = ab - {-l)P^''^P^''ha , 

p being the parity, and thus [a, a] — 2a? if a is odd. 

The following theorem characterizes the 1-forms on R^'^ which are Maurer- 
Cartan forms. 



Theorem 5 

• Let a he a 1-form on R^'^ with values in the Lie algebra g of the Lie group G. 
Then there exists T: R^'^ G such that dT — Ta if and only if 

da + - [a A a] = 

Moreover, if U{zq) is given then T is unique (zq G R^, U — i*J-). 

• Let Ad, Aq: M?? — * g Cg) C be odd maps, then the two following statements 
are equivalent 

(i) ^T-.W-? ^G^IDT = TAd,DT = TAt) (24) 

(ii) DAd + DAi) + [Ab,Ad]=0. (25) 

Moreover T is unique if we give ourself U{zq), and T is with values in G if and 
only if Ajj = Ad- In particular, the natural map 

-^(D.D) ■ {"^ 1-form/da + a A q = 0} — > {{^d, A^,) odd which satisfy (ii)} 

a I — > {a{D),a{D)) 

is a bijection. 

Remark 3 • Suppose that Ajj — Ad- If we embedd g in a matrices algebra 
then (ii) means that: 

DAd + DAd + ^d^d + AdAd = 

i.e. 

Re{DAD+ADAD)^0- 

• We can see according to lf23jl that ii da + ^[a A a] = then a{-^) (resp. 
a(^)) can be expressed in terms of a{D) (resp. a{D)): 

a(-^) ^-iDaiD)+aiD)^). (26) 
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Proof of the theorem [sj The first point follows from the Frobenius theorem 
(which holds in supermanifolds, see [HI I20L \21\). for the existence. For the 
uniqueness, if and JF' are solution then d{T'T~^) = so T' is a constant 
C G G, and C = U' {zq)V-^{zq). 

For the second point, the impHcation (i)=>(ii) follows from (l23|l (see the term 
in dQ A dQ). Let us prove (ii)^^(i). 

and Af) are odd maps from M^'^ into g ® C so let us write 



then we have 



Ad 
Ad 



DAd 
DAr, 



A' 



OA' 



OA 



D 



eeA^r 



A% + eA% + eA% + 0Mf 



A%-9A%' 



A% + QA'^ 



-dA^ 
dz 

dz 



-BA 



D 



dz 

5^4 



Thus the equation Ij25|l splits into 4 equations: 

as^ + a% + [a%a^^] = q 



Ate 
OA 



dz 
dA% 



dz _ 
D dA% 



[A^jj,A^jj] + [A^j^, A'jj] — 

I- [Al,A<^^] + [<, + [A%,A%] + [A%,AU ^ 0. 



(27) 



dz dz 

Now, let us embedd g in a matrices algebra VJlm{^), then the Lie bracket in g 
is given by [a, b] = ab — ba. Let us define A, A, (3, B,B_ by: 



A — A^]j , A — A^Q 



A 



D 



then the four previous equations ll27ll are written: 

B + B = 



ABB _ 



A09 



dA 

dz 
dA 



[-B-AA,A] + [-p{:§^)-A^,A] 



[A,B-AA] + [A,-P{^ 



A' 



(28) 

(29) 
(30) 

(31) 



^^^^^ d£_d^ 
dA 

A,^ + [A,B- AA] + [A, -(3{£) ~ £] 

dA 

A, + [-B - AA, A] + [-/3(^) - A^A] 
+ [-Pi-k) - A\ - £] + [-B -AA,B- AA] = 0. 



(32) 
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The last equation becomes after simplification 

d 



d_ 

dz' 



^/3(i)-^/3(i) + [/3(^),/3(i)] = 



so since P is even and with values in (resp. in g if Aq = A^j), according to 
lf28jl , we deduce from this that there exists C/ : R^lz ^ (^C ^^^^i thatU'^dU = /3 
and U is unique if U{zq) is given, and with values in G if Aj^, — Ajj. Then we 
set! 

= UA, ^UA, f= jUB (33) 



and 



1 



:Oef. 



(34) 



The result ^ is a superfield from M^'^ into OJlm(C) and according to (with 
= dJtmiC), M = GL™(C), fa ^0,Ua= M) siuce U is invertible and hence 
with values in GLm(C), T takes values in GLm(C). Besides it takes values in 
GL„i(R) \i Af, = 'A^. We compute that 



fe=0 



[1 - (6*^ + M) - + 0AeA + BAeA] [/"^ 
[l - 6*^ - M - d9{B + AA- AA)] U''^ 



\2 oz 2 oz 

A + e{-l3{^) - A^) + 9{B - AA) 



OA 
dz 



I3{S^)A- {B + AA - AA)A + AB + APi-. 



A + e{-l3{^) - A^) + e{B - AA) 



OA 

dz 



[-B-AA,A] + [~p{. 



thus according to lf28jl and ij^iljl we conclude that 

T-^.DT = Ad- 

We can check in the same way that T-^.DT ^ Aq. Moreover if we consider 
a = T^^.dT the Maurer-Cartan form of T then [a{D),a{D)) = [AdtAq) is 

^See remark^ 
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with values in gp, and hence it holds also for Oi{-^),a{-^) according to Il2(i|l . 
So a takes values in g^. But, according to the first point of the theorem, the 
equation .dT — a has a unique solution if U{zq) is given, and this solution 
is with values in G"' since a takes values in and U{zq) is in G^. So T takes 
values in G'^ . Moreover, takes values in G if Ajj = Ajj. Hence, the map 
I(D,D) is surjective. Besides it is injective by the second point of the remark^l 
according to lf26jl . a is completely determined by {a{D), a{D)). We have proved 
the theorem. ■ 



Remark 4 In general, G is not embedded in GLm(R). But since g is embedded 
in 9Jl,„(R), there exists a unique morphism of group, which is a immersion, 
j: G ^ GL„i(R), the image of which is the subgroup generated by exp(0). In 
other words G is an integral subgroup of GLm(R) (and not a closed subgroup). 
In the demonstration we use the abuse of language consisting in identifying G 
and j(G). For example in Ij33|l and II34II we must use j o U instead of U ; and 
in the end of the demonstration, when we use the first point of theorem, we 
must say that there exists a unique solution with values in G, J^i, and by the 
uniqueness of the solution (in GLm(K)) we have j o = T . 
However, in the case which interests us, G is semi-simple so it can be represented 
as a subgroup of GLm(R) via the adjoint representation, and so there is no 
ambiguity in this case. 

Remark 5 To our knowledge, this theorem (more precisely the implication 
(ii)=4'(i)) has never be demonstrated in the literature. We have only found a 
statement without any proof, of this one, in |22j . 

Now we are able to prove: 

Theorem 6 Let M^'^ — > M = GjH be a superfield into a symmetric space 
with lift T: M^'^ — > G and Maurer-Cartan form a = T~^.dJ- , then the following 
statements are equivalent: 

(i) $ is superharmonic. 

(ii) Setting a[D)x = ao{D) + X~'^ai{D) and a{D)x = a{D)x = ao{D) + 
Xai{D), we have 

Da{D)x + Da{D)x + [a{D)x, a{D)x] =0, VA G S\ 

(Hi) There exists a liftTx: M^la ^ g such thatT^KDTx = aQ{D)+X-''^ai{D) , 
for allXe S^. 

Then, in this case, for all A e S"^ , = tt o J^a is superharmonic. 

Proof. Let us split the equation (|25ll into the sum g = flo © 0i: 

r Dao{D) + DaoiD) + [ao(5), ao(^)] + [ai(-D), ai(7^)] = 
\ Re{Dai{D) + [ao{D),ai{D)])=0 
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so (ii) means that 

VA e S\ Re{X-'^{Dai{D) + [ao{D),ai{D)])) = 
which means that 

Dai{D) + [aoiD),aiiD)]=0 

hence (i) (ii), according to theorem^ Moreover according to the theorem^l 
(ii) and (iii) are equivalent. That completes the proof. ■ 

We know that the extended Maurer-Cartan form, a\ given by the previous the- 
orem is defined by a\{D) = ao{D) + X^^ai{D) and (so) a\{D) = aQ{D) + 
Xai{D). However we want to know how the other coefficients of a are trans- 
formed into coefficients of a\ . From (I2()|l we deduce 

DaoiD) + ao{DY+ai{Df = -ao(^) 
Dax{D) + [ao{D),ai{D)] = -ai(^) 

hence 

(a.)o(f) = «o(^) + {l-X-^)a,{Df 
K)i(i) = A-iai(^). 
Finally we have 

ax = -X-'^ai{Df{dz + {(16)9) + X'^ a'^ + + 2Re {ai{Df {dz + {(19)9)) 

+ Xa'l~X'^ai{D)^{dz + {d9)9) (35) 

where 

a'l = d9a^{D) + {dz + {d9)9)a,{-§^) 

a'( = d9ai{D) + {dz + {d9)9)ai{-§.). 

So, we remark that contrary to the classical case of harmonic maps u: ^ 
G/H, where the extended Maurer-Cartan form is given by a\ = X~^a[ -I- ao -I- 
Xa'( (see 0), here in the supersymmetric case we obtain terms on X~^ and A^, 
and the term on A" is ao -I- 2Re {^a{D)'^{dz + {d9)9)) instead of a^. Moreover, 
since ai{D)^ = ^[ai{D), ai{D)] takes values in Qq, we conclude that {a\)\i^s^ 
is a 1-form on M^'^ with values in 

Aflr = U: 5' ^ smooth/e(-A) = r(e(A))} 

(see ISj or (2^1 for more details for loop groups and their Lie algebras). And so 
the extended lift {Tx)xes^ ■ 1^^'^ ^ AG leads to a map {Tx)x&s^ ■ ^^'^ ^ ^Gr- 
As in jH], for the classical case, this yields the following characterization of 
superharmonic maps $: R^'^ G/H. 

Corollary 1 A map $: R^'^ G/H is superharmonic if and only if there 
exists a map {J^x)x<^s^ '■ IK.^'^ ^ AGr such that tx o T\ = $ and 

Tl^.dTx = -X-^ai{D)^{dz + {d9)9) + A" V; + ao + Xa'i 

- X'^ai{D)^{dz + {d9)9), 
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where ao and a\ are reap, gi -valued 1-forms on R^'^, and a'l, a'{ are given 
by f,96|) . Such a will he called a extended (superharmonic) lift. 

Remark 6 Our result for the the Maurer-Cartan form ()35|l is different from 
the one obtained in E| or in p^l- Because in these papers, we have a 
decomposition g = ©f^gflj with [0i,flj] C Qi+j, and 0.2, the coefficient on A^, is 
independent of di whereas here we have 0.2 = —ai{D)'^(dz + {d6)9). As we can 
see it in theorem if we decide to identify all the Maurer-Cartan forms with 
their images by I{d,d)^ {'^(D) , a{D)) , then the terms on and A~^ disappear 
and the things are analogous to the classical case. In other words, it is possible 
to have the same formulation of the results as for the classical case if we choose 
to work on {a{D), a{D)) instead of working on the Maurer-Cartan form a. But 
as we will see it in the Weierstrass representation one can not get rid completely 
of the terms on A^ and A~^. So these terms are not anecdotal and constitute 
an essential difference between the supersymmetric case and the classical one. 

Remark 7 In the following, we will simply denote by J- the extended lift 
(J^^a): M2|2 ^ AG^, there is no ambiguity because we will always precise where 
T takes values by writing J^: M^l^ AGr- Besides, given a superharmonic map 
$: R^|2 G/H, an extended lift T: M^l^ — > AGr is determined only up to a 
gauge transformation K : M^'^ — > H because TH is also an extended lift for <I>. 
Then following 0, we denote by SH the set 

Sn = {<i>: M^l^ ^ G/H superharmonic, ^$(0) = 7r(l)} 

and then we have a bijective correspondance between STi. and 

{T: M2|2 ^ AG^, extended lift, i*T{0) G i^}/G°°(R2|^ i/). 

We will note $ = [J^]. 

5 Weierstrass-type representation of superhar- 
monic maps 

In this section, we shall show how we can use the method of [H| to obtain every 
superharmonic map <&: M^'^ G/H from Weierstrass type data. 
We recall the following (see pi^l: 

Theorem 7 Assume that G is a compact semi-simple Lie group, t: G ^ G a 
order k automorphism of G with fixed point subgroup G^ — H . Let H"" = H.B 
be an Iwasawa decomposition for H^. Then 

(i) Multiplication AGr x AgG!^ — > AG^ is a diffeomorphism onto. 

(ii) Multiplication A^G^ x A+G*^ — > AG'Jr is a diffeomorphism onto the open 

and dense set C ~ A^Gr-A'^Gr , called the big cell. 
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The above loop groups are defined by 

A^G^ = {[-^ Ux] e AG^ extending holomorphically in the unit disk} 
A+G^ = {[X^Ux]e A+G^/UiO) eB} 

A~G^ — {[A I— > U\\ G AGl^ extending holomorphically in the complement 
of the unit disk and Uoc =0}. 

In analogous way one defines the corresponding Lie algebras Aqt, Ag^,A~Q^ 
and A'^g^ where fa is the Lie algebra of B. Further we introduce 

+ CX3 

Definition 2 We will say that a map /: M^'^ — > M is holomorphic if Df = 0. 
We will say also that a 1-form fi on E^'^ is holomorphic if fJ.{D) — and 
Dfj.{D) = 0. Moreover we will say that /i is a holomorphic potential if ji is a 
holomorphic 1-form on M^'^ with values in the Banach space A_2,oo0r and if, 
writing fi — J2k>-2 ^'^l^k, we have /i_2(^) = 0. Then noticing that a holomor- 
phic 1-form satisfies k25]) . we can say that the vector space SV of holomorphic 
potentials is 

SV = /(^j^sj^^ICmP), 0)^(1?) : M^l^ A_i,oo0j: is odd, and D^i{D) = 0}. 

Besides for a Maurer-Cartan form fi on R^'^ (in particular for a holomor- 
phic 1-form) with values in A_2,oo0t the condition ^-2{D) = Q is equivalent 
to /j,_2(^) = — (/i-i(D))^ according to k26\) . 

As for the classical case (see jH]), we can construct superharmonic maps from 
holomorphic potential: if /i € SV then ji satisfies Ij25ll . so we can integrate it 

gjl^-dgtj. = 1^1 i*5(0) = 1 
to obtain a map g^: M^'^ AG^. We can decompose g^ according to theorem[3 

gti ~ J'fihfj_ 

to obtain a map T^,: R^l^ -> AG^ with = 1. 

Theorem 8 : M^lz ^ j^q^ 

is an extended superharmonic lift. 

Proof. We have (forgetting the index /i) 

jr-i.djr = Adh{fi) - dh.h^'^. 
But h takes values in A^G*^ so that dh.h~^ takes values values in A^g*^, hence 
[•^"'■^^]Arfl5 = [^d/i(/i)]A,,c 
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is in the form 



-X~^a[{Df{dz + {dd)e) + \-^a^ 

by using the definition|2lof a holomorphic potential. But according to the reaUty 
condition contained in the definition of Kqt'- 



we conclude that AT is in the same form as in the corollary ^ so T is an 
extended superharmonic lift. ■ 

Then according to the previous theorem we have defined a map 

5W: SV ^Sn-.ii^ {Ty\ 



Theorem 9 The map SW : SV SJi is surjective and its fibers are the orbits 
of the based holomorphic gauge group 

g = {h: R^|2 ^ K+G^,Dh = 0, i*h{0) = 1} 

acting on SV by gauge transformations: 

h ■ fj, = Adh{fi) — dh.h'~^. 

Proof. As in it is question of solving a Z)-problem with right hand side in 
the Banach Lie algebra A+g^: 

Dh^ -{ao{D) + Xai{D)).h (37) 

with i*h{0) — 1. Let us embedd in GL,„(C) {G is semi-simple). Then we 
set 

ho + ehg + ehg + eehgg 

and C = -{ao{D) + Xai{Dj) = Co+0C0 + 9Cg + 90Cgg. These are respectively 
writing in A+$Hm(C) and in A+g!^. Then ((22|l splits into 

hg = CqHq 
—hgg — —Cohe + Cgho 



dhp 

dz 
dhg 

dz 



hence we have for Hq 



Cgho — C'ohg 

Cahgg + Cggho + Cghg — Cghg 
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This is a i9-problem with right hand side, Cq — Cg, in the Banach Lie algebra 
which can be solved (see 0). The solutions such that /io(0) = 1 are 
determined only up to right multiplication by elements of 

Go = {ho: m2|2 ^ A+G^, ho{0) = 1, d,h„ = 0}. 

Then hg is given by hg = Coho so it is tangent to A+G^ at ho. hgg is determined 
by ho and hg. So it remains to solve the equation on hg which can be rewritten, 
by expressing hgg and hg in terms of ho and hg in a first time, and by setting 
hg = hg^hg in a second time, in the following way: 

dh' 

^ = + Adh,\C^ - Cg)) h'g + Ad^i [Cgg + [G,, Go]) 

where /3 = h^^dho- Thus we obtain an equation of the form 

^ = ah'g + b 
oz 

with a,b: A+gJ^, which can be solved. The solutions such that h'g{Q) — 

form an affine space of which underlying vector space is 

^^h'g-.R'^K+fj^-^^ahl /^;,(0) = o}. 

So we have solved ll37jl . It remains to check that h is with values in A+GI^. We 
know that ho takes values in A+G^, hg, hg are tangent to A+G!^ at ho- It only 
remains to us to check that hgg satisfies equation 10 (or lO). But to do this 
we need to know more about the embedding G"' ^ Glm(C). It is possible to 
proceed like that (see sectional, but we will follow another method. 
Let 7 = dh.h~^ be the right Maurer-Cartan form of h. Then by l(37jl . we have 
7(D) = G, and G takes values in A+g^, so we have to prove that 7(f) also takes 
values in A+gl^, in order to conclude that 7 takes values in A+g^ and finally 
that h takes values in A+G^, according to the first point of the theorem 
Now return to the demonstration of the theorem^l where we put ^{D) :— An, 
j{D) := Af). Then we can see that A^, take values in A+g^: 

A'n = \h'g, A% = -(}{^) - iAl)\ 

Further 

A'J = -^ + [A%,Al] + [A%,Al] 

according to H27II : so A^, are also with values in A+gJ: (these equations 
hold for left Maurer-Cartan forms but we have of course analogous equations 
for right Maurer-Cartan forms). Finally we have proved that 7(1?) takes values 
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in A+g*^, so we have solved ^'M} in A+G^. This completes the proof of the 
surjectivity (see For the characterization of the fibres it is the same proof 
as in jS]. ■ 



Let <&: M^'^ G/H he superharmonic with holomorphic potential ^ e SV i.e. 
$ — [J-p] where g = T^h and g~^.dg = /z, i*g{0) = 1. Since g is holomorphic 
then by using we can see that 50 = i*g'- ^ AG^ is holomorphic: 

^250 = 0. 

Furthermore, as in jH|, let us consider the canonical map det : AG^ ^ Det* (in 
jH], it is denoted by r, see this reference for the definition of the map det) and 
the set IS"! ~ (det o go)~^(0). Then according to [H], since go is holomorphic 
and det: AG'Jr Det* is holomorphic, then \S\ is discrete. But, once more 
according to 0, 

1^1 = {z e RVgoiz) i big cell}. 

The result of this is that if we denote by S the discrete set \S\ endowed with 
the restriction to \S\ of the structural sheaf of R^'^, then the restriction of 
g: ]R2|2 j^qC ^Yie open submanifold of R^l^, R^l^ \ S, takes values in the 
big cell (according to ^ since the big cell is a open set of AG!^). Besides using 
the same arguments as in we obtain that S C M^'^ depends only on the 
superharmonic map <i>: M^'^ G/H. 

Theorem 10 Let $: M^l^ G/H be superharmonic and S C K^'^ as defined 
above. There exists a Q^-valued odd holomorphic fonction rj on M^'^ \ S* so that 

* = [-^J 

on M^l^ \ S, where 

M = I{D.Df\>''^V,0) = -X^'^idz + {de)e)r]'^ + X-'^dOr]. 
Proof. It is the same proof as in [H]. ■ 



6 The Weierstrass representation in terms of 
component fields. 

Let us consider a map /: R2|2 ^ C", then by using il'M . f is holomorphic if 
and only if f = u + 9ip with u, ip holomorphic on . 

Further according to the definition of a holomorphic potential, we can identify 
SV with the set of odd holomorphic maps ^(-D) : M^'^ A_i_oo0r . Such a map 
is written 

where /i^jj ^ire holomorphic maps from into A_i,oo0t) being odd and 
yPj-i being even. Now, let us embedd G'^ in GL„i(C) so that we can work in 
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the vector space 9}t,„(C). Then the holomorphic map g: 

K2|2 ^ AG? which 

integrates 

g-'Dg = ^i{D), i*g{0) = 1 

is the holomorphic map g — go + Oge such that the holomorphic maps {go, 90) 
are solution of 

9o^90 = fJ-D- 

Hence go is the holomorphic map which comes from the (even) holomorphic 
potential — (^fj + {fi%)^)dz defined on and with values in A_2,oo0t- So we 
can see that the terms on A^^ of the potential which we got rid by working on 
/z(Z?) instead of /z, reappear now when we explicit the Weierstrass representation 
in terms of the component fields. 

Remark also that {go, 90) are the component fields of g. Thus we see that the 
writing of a holomorphic map is the same for every embedding, and that the 
third component field is equal to zero. Hence we can write g = 9o + (^9e without 
embedding G"^, it is at the same time the writing of g in AG'^ , in A9Jlm(C) and 
for every other embedding in a vector space AC^ (with G"" ^ C^). 
Consider, now, the decomposition g — Th, and write 

T = C/ + 01*1 +02*2+^1^2/ 

h = ho + Oihi + e2h2 + eie2hi2 

(these are writings in A97l„i(C)). Besides we have g — go + {di + iO2)g0- Hence 
we obtain 

go = Uho 

ge = -^iho + Uhi , , 

ig0 = ^2ho + Uh2 ^ ^ 



= Uhi2 + fho + ^2hi - ^ih 



2- 



Thus U is obtained by decomposing go which comes from a holomorphic poten- 
tial, — (/ifj + {fi%)'^)dz, defined on and with values in A_2,oo0t- So u — i*^ 
is the image by the Weierstrass representation of this potential. 
Then, multiplying the second and third equation of lj^-{8|l by by the left and 
by Hq^ by the right, and remembering that Ag^ = Agr © A^g?, we obtain that 

Adho{fi%) = U-Hi + hih^^ 
iAdho{ti%) = U-^^2 + h2ho^ 

are the decompositions of Adho{n%) resp. iAdho{^%) following the previous 
direct sum. In particular, we have 

[7-1*1 = [Adho{^l'h)]^^^ (39) 
U-'^2 = [iAdho{fil)]^^^. (40) 
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Finally, the third component fields /',/ii2 of T resp. h are the orthogonal 
projections of / resp. hn on U.{tv^-r) resp. (A^g^)/io. So by multiplying the 
last equation of l(38ll as above and by projecting on Ag^ we obtain 

{{V-^^^){h^h-^) - (^7-lvI/2)(/^l;^„-l)]^^, = [/-!/' + (41) 

This is once again the decomposition of the left hand side following the direct 
sum Ag!^ = Ag,- © A^g!^. Let us precise the orthogonal projection 

[■]Agc: AOT™(C) ^ Ag^. 

To do this it is enough to precise W^z : OT„i(C) g^. Since g is semi-simple we 
can consider the embedding 

ad: g ^ so(g) c gl(g). 

Besides in gl(g), we have the orthogonal direct sum gl(g) — so(g) © Sym(g). 
Then for a, 6 e so(g) the decomposition of ab is 

, 1 . , , ab + ba 
ab = — \a,b\ -\ . 

In particular for a, 6 G g this decomposition is the decomposition of ab following 
the direct sum gl(g) = g © g-"". So 

[ab],^^[a,b]. (42) 

Now let us extend r to gl(g) by taking Adr (it is a extension because roadXor"^ 
= ad(T(X))). Then by the uniqueness of the writing T = U+9i'^i+02^2+OiO2f 
in Agl(g) and since Agl(g)T- is a vector subspace of Agl(g), which contains AG,-, 
we conclude that the previous writing is also the writing of T in Agl(g)7-. So 
U~^f takes values in Agl(g)T- (and in the same way is with values in 

Agl(g''')T- ). So, as r commutes with the projection [■]„€ (because r preserves the 
scalar product), in Ij41|l it is enough to project in Ag"^ (following the direct sum 
Ag^g"-) = Ag''- + A(g^)''') then we automatically project in Ag^ (following the 
direct sum Agl(g^)^ = AgJ: + A(g^)^ ). 

Thus returning to the left hand side of II41II . this one is written 
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^ ^'tAdho{fi'h)]j^^^ , [Ad/io(MB)]A+gC 



by using Ij42|l and Ii;fflll - lj4()|l . Finally U is obtained by projecting this ex- 
pression on Ag^- following the direct sum Ag^ = Ag^ © A+g^. If we want J/" V 
(which depends on the embedding) we can write 

{U'^^i)ih2ho') - (C/-i*2)(/ii V') = U-\f + huho^ 
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and this is the decomposition of the left hand side following the direct sum 
-'^sKfl"') = ■'^gl(fl) ® ■^^sKfl'^) (s-nd this is also the decomposition following 
^&KQ^)t = ■'^gl(fl)r © A+gl(fl'^)T- because all terms of the equation are twisted). 

Lastly, the component fields of $ = noj^i are given by: u = Tr{U),ijji = dTr{U).'^i 
and F' = 0. For example, in the case M = 5", tt is just the restriction to 
SO(n + 1) of the linear map which to a matrix associates its last column. 

7 Primitive and Superprimitive maps with values 
in a 4-symmetric space. 

7.1 The classical case. 

Let G be a compact semi-simple Lie group with Lie algebra fl, a: G ^ G an 
order four automorphism with the fixed point subgroup G'^ = Go, and the 
corresponding Lie algebra 0o = fl'^- Then G/Gq is a 4-symmetric space. The 
automorphism a gives us an eigenspace decomposition of Q^: 

0^ = 0fe 

feeZ4 

where §fc is the e*'°^/^-eigenspace of a. We have clearly Qo = Qq , Qk = 3-k and 
[5k,Ql] C Qk+l- We define 02, 0^^ and m by 

02 = 02 , 01 = 0-1 ® 01 and m'^ = 0^, 

/seZ4x{0} 

it is possible because §2 = 02 and 0_i = 0i. Let us set 0_i — 0-i,0i — 0i, 
00 = 00 ® 02 • Then 

= £0 ® 01 

is the eigenspace decomposition of the involutive automorphism r = cr^ . This 
is also a Cartan decomposition of 0. Let H = G"^ then LieH = 0^ and G/H 
is a symmetric space. We use the Killing form of g to endow TV = G/Gq and 
M = G/H with a G-invariant metric. For the homogeneous space N = G/Gq 
we have the following reductive decomposition 

= 0o©m (43) 

(m can be written m = 0^ © 02) with [00, tn] C m. As for the symmetric space 
G/H, we can identify the tangent bundle TN with the subbundle [m] of the 
trivial bundle .'V x g, with fiber Ad.g(m) over the point x = g.Go G N. For every 
AdGo-invariant subspace I C 0*^, we define [[] in the same way as [m]. Then we 
introduce: 

Definition 3 </>: — > G/Gq is primitive if ^ takes values in [Q-i]. Equiva- 
lently, it means that for any lift U of (j), with values in G, U~^^ takes values 
in 00 ©0-1- 
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We denote by ttj^ : G -> G/H, ttgo : G G/Gq and p: G/Go G/H the 
canonical projections. Let 4>: G/Go, and U a lift, (p = ttg„ o U, and 

a = U~^.dU . For a, we will use the following decompositions: 

a = ao + am (44) 

a = (XQ+ai (45) 

a = a2 + a^i + ao + ai (46) 

"m = am + (47) 

where a'^ is a (l,0)-form and a[!^ its complex conjugate. Using the decompo- 
sition (I43II ■ we want to write the equation of harmonic maps (p: G/Gq 
in terms of the Maurer-Cartan form a, in the same way as for harmonic maps 
u: R"^ ^ G/H. Then we obtain, by using the identification TN ~ [m] (and so 
writing the harmonic maps equation in the form [^(AdC/aJ^)] = 0): 

da'^ + K A a'J + K A a'Jm = 0. (48) 

Then if [q;(^ AaJ„]m — 0, we have the same equation as for harmonic maps into a 
symmetric space, and in the same way, we can check (see ^) that the extended 
Maurer-Cartan form 

ax = X^^a'„ + ao + AaJ^, (49) 
satisfies the zero curvature equation 

da\ + ^[oa A ax] = 0. 

Conversely, if the extended Maurer-Cartan form satisfies the zero curvature 
equation and [a^ A a'^]m = 0, then (f) is harmonic (see j^)- 
In particular if we suppose that (j> is primitive then a'^ takes values in g_i 
whereas aj^, takes values in g_i — gi so [aj^, Aa^]m — 0. Moreover let us project 
the Maurer-Cartan equation for a onto 

da'„ + [a'o A a;,] = 

this is the harmonic maps equation Ij48ll since [aj^ A a'^]m — 0. So a primitive 
map 0: — > G/Gq is harmonic. Moreover since the extended Maurer-Cartan 
form satisfies the zero curvature equation, so we can find a harmonic extended 
lift C/a: M2 -> AG such that U^^.dUx = ax- Then 

4>\ — T^Go ° Ux is harmonic. 

Besides since (f) is primitive the decomposition 

a = a'^ + ao + a'/^ (50) 

is also the decomposition because a'^ G g-i so a'^ = a^i,a'/^ — ai,a2 — 
then ax is a Agcr-valued 1-form. Furthermore, decomposition lEIl and are 
the same and so the decomposition lf5(Hl can be rewritten 
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and then we can consider that a is the Maurer-Cartan form associated to u = 
tth oU = p o (p with the corresponding extended Maurer-Cartan form a\ given 
by lUflll . Then we conclude that u\ — p o (px: ]S? G/H is harmonic and 
U\ is an extended lift for it. Moreover, a\ is also a Agi-valued 1-form and 
(Ux) : AGr. So we can write that u = >V(//) = [U], where W:P-^His 

the Weierstrass representation: 

W: fj.er^g holomorphic ^ [U, h) £ C°°(R^ AGr x k+G^) ^HHoUif^U 

between the holomorphic potentials (holomorphic 1-forms /i taking values in 
■'^-i,oo0r) ^iid the harmonic maps (such that u(0) = H) (see 0). However to 
obtain ^ we must solve the following 9-problem (see 0): 

dh.h-^ = + Aai), 

and since ax takes values in Ago-, this is a 9-problem with right hand side 
in A+0^, so we can find a solution h-.m? ^ A+G^, /i(0) = 1. Then the 
holomorphic map g — Uh (it is holomorphic because h is solution of the d- 
problem) takes values in AG^ and so the potential ^ — g~^-dg takes values 
in Ag^. Let us write Va the vector subspace of "P, of holomorphic potentials 
taking values in A_i_oo0ct = A_i^oo0^ n Ag^. Then we have proved that for each 
primitive map 0: — > G/Gq there exists fi dVa- such that 4> = ttgo ° U where 
g = Uh and g^^-dg = fj,. However, the decomposition g = Uh is in the same 
way the decomposition 

AG^ '^i^^ AGr.A+G^ 

but also 

AG^ AG..A+ G^ 

because g takes values in AGj and because of the uniqueness of the decomposi- 
tion. We can say that the decomposition dec^ (considered as a diffeomorphism) 
is the restriction of dec,- to AG^. 

Conversely, let us prove that for any fi ^Va, (j) — t^Go ° is primitive, so that 
we can conclude that the map 

Wa-- fJ-ePa ^ g ^ iU,h) ^ <j) = TTGo ° Ux 

is a surjection between Va and the primitive maps, i.e. that it is a Weierstrass 
representation for primitive maps. So suppose that fi GVa- Then we integrate 
it: fi — g^^.dg, g{0) — 1 and we decompose g — Uh following deCo-. Since it is 
also the decomposition following dec,-, then we know (Weierstrass representation 
W for the symmetric space G/H) that ax — Ux^-dUx is in the form 

ax = A^^a'^ + + Aa" 

but since ax is with values in Ag^ (because U takes values in AGcr) then a'^ G 
Q-i, fio G 00, a'{ e 01 so <j)x = TTGo ° Ux is primitive. 
Hence we have proved the following: 
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Theorem 1 1 We have a Weierstrass representation for primitive maps, more 
precisely the map: 

^ H(C,AG^) ^ C-(R2, AG, x A+ G^) Prim(G/Go) 
M ' — ' 9 ' — ' {U,h) I — > (/) = TTGo o C/i 

is surjective. H(C,AGj) is the set of holomorphic maps from C to AG^, ana 
Prim(G/Go) is the set of primitive maps (j): G/Gq so that (f)(0) — Go. 

We can say that is the restriction of the Weierstrass representation W for 
harmonic maps into G/H, to the subspace Va- More precisely, we have the 
following commutatif diagram: 

V H(C,AG^) G°°(M2,AG, X A+G^) U 

H(C,AGC) G°=(M2,AG, X A+ G^) Prim(G/Go) 

w/iere [7r//]([/, /i) = TT/f o [/i, [p] p o 0. In particular the image hy Ys) of V a 
is the subset of Ji : {u — p o (j), (p primitive} . 

7.2 The supersymmetric case. 

Definition 4 A superfield $: R^'^ ^ G/Gq is primitive if takes values in 
[Q-i]- Equivalently, it means that for any lift T of ^ , with values in G, U~^.DU 
takes values in Qq © 

By proceeding as above and using the methods we developed in the previous 
sections to work in superspace, we obtain the following two theorems: 

Theorem 12 Let l>; K^ls ^ q/q^ ^ superfield, T: R^l^ G a lift, and a = 
T^^ AT its Maurer-Cartan form. Then $ is superharmonic if and only if 

Da^{D) + [ao{D),a^{D)] + [a„{D) , a^{D)U = 0. 

Further if [otm{D) , am{D)]m = 0, then the pair (ao(-D) + A^^am(£'), ao(-D) + 
Xam{D)) satisfies the zero curvature equation \2,'^) . and so yields by jj-^ to 

an extended Maurer-Cartan form a\. In particular, if $ is superprimitive then 
[am{D) , am{D)]m = 0, $ is superharmonic and <I> = po $: R^l^ G/H is 
superharmonic. 

Theorem 13 We have a Weierstrass representation for superprimitive maps, 
more precisely with obvious notations (according to the foregoing): 

5W,: SV, ^ H(M2|2^AG^) ^ G°°(R2|2, AG, x A+ G^) — ^ SPrim(G/Go) 

Ml > 9 ' > I > l> = TTGo O ^1 
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is surjective. We have the following commutatif diagram: 

SV H(R2|2,AG^) C°°(M2|2^aG, X A+G^) SH 

|bl 

SVa H(M2|2^aG^) G°°(K2|2^AG, X A+ G^) SPrim(G/Go) 

In particular the image by SW of SVa is the subset of SH : 

{$ = p o $, $ primitive} ■ 

Here, the holomorphic potentials of SVa take values in A_2,oo0ct and the cor- 
responding extended Maurer-Cartan form is in the form k!-ifS\) but with values in 
Agcr C Kqt (for example, in \Sf)\) ai{D) takes values in Q-i so ai [Df takes 
values in C 

8 The second elliptic integrable system associ- 
ated to a 4-symmetric space 

We give us the same ingredients and notations as in the begining of section 1711 
Then let us recall what is a second elliptic system according to C.L. Terng (see 

M)- 

Definition 5 The second (G,<j) -system is the equation for {uq,ui,U2): C 
dzU2 + [mo, U2] = 

diUi + [mo, ui] + [ui, U2] = (51) 
-dzUo + dzUQ + [uo,wo] + [ui,ui] + [^2,^2] = 0. 

It is equivalent to say that the 1-form 
2 

a\=^ X'^-Uidz + yu^dz = X~'^a'2 + \'^a\ + q'o + Aa" + A^aj (52) 

satisfies the zero curvature equation: 

dax + ^[qa A a\] = 0. 

The first example of second elliptic system was given by F. Helein and P. Romon 
(see jniEl): they showed that the equations for Hamiltonian stationary sur- 
faces in 4-dimension Hermitian symmetric spaces are the second elliptic sys- 
tem associated to certain 4-symmetric spaces. Then we generalized the case of 
R4 = H (see [El) in the space M« = O (with G = Spin{7) x O, ct = int(-Le,o), 
where intg is the conjugaison by 5, e G S'(ImO), and Le is the left multipHcation 
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by e, see [13): there exists a family {Si) of sets of surfaces in O, indexed by 
/ ^ {1, . . . , 7}, called the p -harmonic toi -isotropic surfaces, such that: Sj C Sj 
if J C /, and of which equations are the second eUiptic (G, tT)-system (see [T9]l. 
We think that our result can be generalized to OP^, OP^ or more simply to HP^. 

For any second elliptic system associated to a 4-symmetric space, we can use 
the method of |H| to construct a Weierstrass representation, defined on P^, the 
vector space of A_2,oofl^ -valued holomorphic 1-forms on C, (see ^HIEI): 

y^2.^2j^ H(C, AG^) ^ G°°(R2, AG, X A+ G^) ^ S 

where S is the set of geometric maps of which equations correspond to the sec- 
ond eUiptic system, and [n]{U,h) —no Ui. n can be ttgq as well as tth- For 
example in the case of Hamiltonian stationary surfaces in a Hermitian symmet- 
ric space G/H, we must take tth (see ^3). Moreover if we consider the solution 
u — W^{^) — TTH oUi, then in this case (f) = nco ° can be identified with the 
map (u, e^^) where /? is a Lagrangian angle function of u {G/Gq — G Xca H is 
the principal J7(l)-bundle U{G/ H)/ SU{2)). If we restrict we obtain 

Wct, the Weierstrass repesentation of primitive maps, of which image is the set 
of special Lagrangian surface of G/H (by identifying u and = {u, 1)). 

Now, we are going to give another example of second elliptic system in the 
even part of a super Lie algebra. According to the previous section, a super- 
primitive map $: R^l^ ~> G/Gq leads to a extended lift J^: M^l^ -> AG,. Let 
us consider U — AG,, then according to sectional U is obtained 

from a (even) holomorphic potential, — (^^ -I- {pPjjY)dz, which is defined in R^ 
and with values in A_2,oo0S- This is a A_2,ooflCT-valued holomorphic 1-form 
on R^. In concrete terms, if we consider that we work with the category of 
supermanifolds (sets of parameters B, see the introduction) {R°I^,L £ N}, 
i.e. that we work with G°° functions defined on i?^'^ (see j21]) then this is a 
(A_2,oo0CT ® i?°)-valued holomorphic 1-form on R^. In other words U comes 
from a holomorphic potential which is in ® . So u = tth o[/i:R^^ G/H 
as well as ^ = ttgo o /7i: R^ — > G/Gq correspond to a solution of the second 
elliptic system l|5T|l in the Lie algebra ® -B° (i.e. m takes values in 2-i "X) 5°). 
However that does not give us a supersymmetric interpretation of all second el- 
liptic systems Ij51|l in the Lie algebra in terms of superprimitive maps. Indeed, 
first the coefficient on of the previous potential does not have body term: 
it is the square of a odd element so it does not have terms on 1 = 77^ (we set 
Bl = R[??i, • • - iIl])- Second, this coefficient takes values in [0_i,0_i] which can 
be g 0^. 

In conclusion, the restrictions to R^ of superprimitive maps !>: R^'^ G/Gq 
correspond to particular solutions of the second eUiptic system lf5T|l in the 
Lie algebra ® B^: those which come by W^, from potentials in the form 
A = -{^^% + {tADf)dz, with /i G SVa. 

Besides for each 4-symmetric space (G, u) , this gives us a geometrical interpre- 
tation of certain solutions of the second elliptic system Ij51|l in (X> B° . Hence 
this confirms our conjecture that there exist geometrical problems in ]HIP^,OP"'^ 
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and OP^ analo gous to the p -harmonic surfaces in O (|T^), of which equa- 
tions are respectively the second elUptic problems in the 4-symmetric spaces 
= Sp{2)/{Sp{l) X S'p(l)), OP^ = Spin{9)/Spin{8) and OP^ = Fi/Spin{9). 
Let us give a example by considering the case of the 4-symmetric space 
SU(3)/SU(2) (used by Helein and Romon for their study of Hamiltonian sta- 
tionary surfaces in CP^ = SU(3)/S(U(2) x U(l))). 

Theorem 14 Consider the case of the 4-symmetric space SU(3)/SU(2) ( H = 
S(U(2) X U(l));. Then an immersion u: CF^M."^^) from to the G°° 

manifold over of MP^^ -points 0/ CP^ (morphisms from MP^^ to CP^^ is the 
restriction to of a superprimitive map 

$: R2|2 SU(3)/SU(2) 

(i.e. u — p o ^ o i) if and only if u is a Lagrangian conformal immersion of 
which Lagrangian angle j3 satisfies 

^ = ab (53) 

oz 

where a,b: M.'^ €[771, ... , r]^] are odd holomorphic functions. In this case, we 
have (j> = i*<b = {u, e^^). 



Proof. Suppose that u is the restriction to of a superprimitive map 
then u is the image by the Weierstrass representation of the holomorphic 
potential jl — —{^^jj+{iJ,^)'^)dz with fi € SVa- Thus m is a Lagrangian conformal 
immersion. Let us set 

PD = X-\A" + OA") + ^ A'^ ((/z,)fe + 0{M , 

k>0 

where A°,A^ takes values in then 

fe>-i 

Next, since A° is in g_i B]^, we can write (see 

/ a\ 
A° = 6 (54) 
\ — i6 ia J 

thus 

/I 0\ 

fi-2 = io,b 1 \ dz = 3abYdz 
\o -2/ 
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where Y = ^Diag{l, 1, —2). H we denote by a\ — U~^dU = i*ax the extended 
Maurer-Cartan form associated to u, then u is an immersion if and only if d_i 
does not vanish. Besides since 02 = CF, one can easily see that 

(because [00,02] = 0). Moreover we have (see [Tz] ! 
so finally 

^ = 6a6. 

oz 

Conversely, suppose that u is a Lagrangian conformal immersion which satisfies 
H53|l . Then we have A/3 = since a, b are holomorphic by hypothesis. So we can 
write u = W^{fi) with ji <^V'^® i?° . Let us take for /t a meromorphic potential 
(see ini) 

A = A^/i_2 + A ^/t-i. 

Then according to II53|I we have jl-2 — — (A")^dz with in the same form as in 
H54|l . Thus if we set — A^^(j4'^ — 6'//_i(^)), then /id is an odd meromorphic 
map from M^l^ to A_i,oo0ct and we have jl = — (/if^ + {n%)'^)dz sou=po^oi 
with $ = SWM{^^D)(^'D,0)). ■ 
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